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Abstract

We show that every regular Bethe ansatz eigenvector of the XXZ spin chain
at roots of unity is a highest weight vector of the s/, loop algebra, for some
restricted sectors with respect to eigenvalues of the total spin operator SZ,
and evaluate explicitly the highest weight in terms of the Bethe roots. We
also discuss whether a given regular Bethe state in the sectors generates an
irreducible representation or not. In fact, we present such a regular Bethe state
in the inhomogeneous case that generates a reducible Weyl module. Here,
we call a solution of the Bethe ansatz equations which is given by a set of
distinct and finite rapidities regular Bethe roots. We call a nonzero Bethe
ansatz eigenvector with regular Bethe roots a regular Bethe state.

PACS numbers: 75.10.Pq, 75.10.Jm, 05.50.+q

1. Introduction

The XXZ spin chain is one of the most important exactly solvable quantum systems. The
Hamiltonian under the periodic boundary conditions is given by

L
1
Hxxz = 3 Z (afa;il +0}/0}/+1 + Aojzoﬁl). (1.1)
j=1

Here we define parameter ¢ from the XXZ coupling A by A = (g +¢~')/2. When ¢ is a root
of unity, the XXZ Hamiltonian commutes with the generators of the s/, loop algebra [14]. Let
qo be a root of unity satisfying g2 = 1 for an integer N. We introduce operators S*) as
follows:

N_Z N _Z N-2) 7 -2 7
sFV = 3 g7 @ ®q ®0F®q°  ®®q°
I<ji<<jv<L
N=4) 7 _N_Z _N_7Z
®o;F®q °  ® - ®0L®q . @ ®qy (1.2)
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They are derived from the Nth power of the generators S* of the quantum group U, (slp). We
define T® by the complex conjugates of SV ie. TTV) = (§*M)* The operators, ST
and TN, generate the s, loop algebra, U(L(sly)). Let us consider sectors with respect
to eigenvalues of the total spin operator S%. We call the sector S* = 0 (mod N) sector A.
Here the value of SZ is given by an integral multiple of N. It was shown that the following
commutation relations hold in sector A [14]:

ST, Hxxz] = [T, Hxxz] = 0. (1.3)

Let us assume that rapidities, 7y, 12, . . ., fg, satisfy the Bethe ansatz equations at a given
value of ¢ as follows:

inh(t; + m \* M sinh(t; — 1 +2
(sm(j n)) _ 1—[ sinh(f; — ; +2n) for j=1,2,...,R. (1.4)

sinh(z; — ) ks sinh(t; — t — 2n)’

Here we have defined parameter n by ¢ = exp(2n). We call such rapidities ¢; Bethe roots at q.
If Bethe roots are finite and distinct, we call them regular. Let B(t) denote the B operator of
the algebraic Bethe ansatz with rapidity ¢, and |0) the vacuum state (see e.g. [24]). It is known
that the Bethe state, B(#1) - - - B(tg)|0), gives an eigenvector of the XXZ Hamiltonian, if 7; are
Bethe roots, i.e. they satisfy equations (1.4) [31]. We also call it the XXZ Bethe state. We call
a nonzero Bethe state with regular Bethe roots regular. For a root of unity, gy, we define 1
by go = exp(2no). We now formulate the highest weight conjecture [14, 16—18] as follows:
every regular Bethe state at gy should be a highest weight vector of the s/, loop algebra.
Let us now define highest weight vectors of the s/, loop algebra. The generators of
U(L(sly)), xkjE and &y (k € Z), satisfy the defining relations:
[hj, x{] = £2x7, 7 x0 ] = hju for j. keZ. (1.5)

Jj+k?

Here [}, hi] = 0 and [xji, x,f:] = 0 for j, k € Z. In a representation of U (L(sl,)), a vector
Q is called a highest weight vector if Q is annihilated by generators x; for all integers k and
such that €2 is a simultaneous eigenvector of every generator hy (k € Z) [4-7, 15]:

xQ=0, for keZ, (1.6)
Q= dQ, for k eZ. (1.7)

Here, the set of eigenvalues d; is called the highest weight. We call a representation highest
weight if it is generated by a highest weight vector. We denote it by US2, where Q is the
highest weight vector and U denotes U (L(sl)). We assume in the paper that U is finite
dimensional. We can show that weight dj is given by a non-negative integer, which we
denote by r, and also that Q is a simultaneous eigenvector of operators (x; )k (xf)k J (k)2 ie.

(xg)k(xf)k/(k!)zQ = MmQfork =1,2,...,r. Interms of the sequence of eigenvalues A;:
X = (A1, A2, ..., A), we define highest weight polynomial % () [13] by

Pru) =Y (—w)". (1.8)
k=0

If UQ is irreducible, the highest weight polynomial P”(u) corresponds to the Drinfeld
polynomial. It was shown that every irreducible representation is highest weight and
characterized by the Drinfeld polynomial [6]. However, U2 may be reducible. We shall
show that it is indeed the case in some physical application. Here we note that a reducible
representation has no Drinfeld polynomial but the highest weight polynomial.
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Recently, for the XXZ spin chain at roots of unity, Fabricius and McCoy have made
important observations on the highest weight conjecture [16—18]. Through the algebraic
Bethe ansatz it was suggested [18] that any given XXZ Bethe state in sector A should be

highest weight. Let 7, 7, . . ., Iz be a set of regular Bethe roots at gg. We introduce a function
Y (v) as
N—1 .
(sinh(v — (2€ + Dno))*
Y() =) —— - : - . (1.9)
=0 [1j= sinh(v —7; — 2¢no) sinh(v — 7; — 2(¢ + 1)no)

It follows from the Bethe ansatz equations (1.4) at g¢ that Y (v) is a Laurent polynomial of
variable u = exp(—2Nv) [18]. We call it the Fabricius—McCoy polynomial of the XXZ
Bethe state, and denote it by P™(u). Furthermore, it was conjectured [18] that it should be
equivalent to a ‘Drinfeld polynomial” P («) through the following relation:

P™M@) = Au""?P(u). (1.10)

Here A gives the normalization. However, it has not been shown whether a given XXZ Bethe
state is highest weight or whether it generates an irreducible representation.

In the paper, we prove the highest weight conjecture for regular Bethe states in sectors A
and B. Here sector B denotes such a sector S* = N /2 (mod N) for odd N. It is the first result of
the paper. Furthermore, we discuss how far conjecture (1.10) is valid. In fact, we shall show
that the Fabricius—McCoy polynomial corresponds to the highest weight polynomial, and also
that there is such a regular Bethe state in sector A that generates a reducible representation.
This gives the second result.

The first result is summarized as follows. Let |R) be a regular Bethe state at go with R
down-spins in sectors A or B. We have |R) = B(f;) B(f,) - - - B(tg)|0) with regular Bethe roots
7; of |R). By the algebraic Bethe ansatz, we shall derive the following:

(S+(N))k(T—(N))k/(k!)2|R) — Z]‘:|R), for ke Z>0. (112)

Constants Z;" will be expressed in terms of 7;, explicitly. Here we assume that a given set of
regular Bethe roots at gp makes an isolated solution of the Bethe ansatz equations (1.4). We
shall show that relations (1.11) and (1.12) are sufficient to have conditions equivalent to (1.6)
and (1.7). It will thus follow that | R) is highest weight.

We remark that relations (1.11) generalize the SU (2) symmetry of the XXX spin chain.
As was shown by Takhtajan and Faddeev [32], regular XXX Bethe states are highest weight
vectors of the spin SU (2) symmetry. We shall discuss it in subsection 5.3.

Interestingly, novel spectral degeneracy similar to that of the XXZ spin chain at gy appears
in the transfer matrix of the eight-vertex model at roots of unity [9, 10, 19-21], which are
related to some restricted IRF models [9, 10]. Some of the degenerate eigenvectors were first
discussed by Baxter [1, 2]. The elliptic degeneracy is discussed systematically by using Q
matrices [19, 20]. There are some relevant researches on the s/, loop algebra symmetry of
the XXZ spin chain at gg [3, 26, 27, 34]. The higher rank loop algebra symmetry has been
discussed for various trigonometric-vertex models [28]. The s/, loop algebra and its subalgebra
symmetries have been derived from the XXZ chain under twisted boundary conditions at g
[11,25].

The paper consists of the following. In section 2, we make a summary of the main results.
In subsection 2.1, we specify roots of unity conditions in definition 1, and we formulate a
main statement on the highest weight conjecture in theorem 3. We shall discuss its proof
in section 5. In subsection 2.2, for a given regular Bethe state at go in sector A or B,
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we express the highest weight polynomial P*(«) in terms of the regular Bethe roots. We
present in subsection 2.3 an irreducibility criterion of a highest weight representation. We
discuss that regular Bethe states should generate Weyl modules, which may be reducible. In
section 3, we introduce the algebraic Bethe ansatz and define the inhomogeneous transfer
matrix of the six-vertex model. In section 4, we review the sl, loop algebra symmetry of the
XXZ spin chain through the algebraic Bethe ansatz. In section 5, we give an outline of the
proof of theorem 3. We show it for the inhomogeneous transfer matrix of the six-vertex model
at roots of unity. In fact, the derivation is also valid for the homogeneous case, i.e. for the XXZ
spin chain. Theorem 3 is derived from propositions 8 and 10 through lemma 6 by assuming
conjecture 2. Here, propositions 8 and 10 are derived from lemmas 7 and 9, respectively. In
section 6, we prove lemmas 7 and 9 explicitly. In section 7, we show that for a regular Bethe
state at go in sector A or B, the Fabricius—McCoy polynomial P™(u) (1.9) is equivalent to
the highest weight polynomial. We show some examples of highest weight polynomials, and
give such a regular Bethe state that generates a reducible Weyl module. In section 8, we give
a concluding remark.

2. Summary of the main results

2.1. Main theorem on the highest weight conjecture

We call g generic if it is not a root of unity. We define a root of unity as follows.

Definition 1 (roots of unity conditions). We say that qo is a root of unity with qu =1,if
one of the following three conditions holds: (1) qo is a primitive Nth root of unity with N
odd (g}’ = 1); (2) qo is a primitive 2Nth root of unity with N odd (q) = —1); (3) qo is a
primitive 2N th root of unity with N even (qév = —1). We call conditions (1) and (3) type I,
and condition (2) type I1.

In the case of sector A where S* = 0 (mod N), we assume that gq is a root of unity with
qu = 1, in the paper. In the case of sector B where SZ =N /2 (mod N) with N odd, we
assume that gq is a primitive Nth root of unity with N odd (¢}’ = 1).

Here we note that the same conditions of roots of unity have been discussed in [2, 19, 20].
Let us express go as go = exp(~/—17m/N). In terms of m and N, roots of unity conditions
(1), (2) and (3) are expressed as follows: (1) N is odd and m even; (2) N is odd and m odd; (3)
N is even (m odd by definition).

We now formulate a theorem on the highest weight conjecture in the case of the
inhomogeneous transfer matrix of the six-vertex model. We shall define it in section 3. Let
1, t, ..., tg be aset of regular Bethe roots at a given value of ¢ in the inhomogeneous case. It
is known that the Bethe state, B(#;) - - - B(tg)|0), gives an eigenvector of the inhomogeneous
transfer matrix at ¢, if ¢; satisfy the Bethe ansatz equations (3.13). Here, equations (3.13)
generalize equations (1.4) in the inhomogeneous case.

Conjecture 2. Let gy be a root of unity with qéN = 1. Every set of regular Bethe roots at
q = qo gives an isolated solution of the Bethe ansatz equations (3.13).

Assuming conjecture 2 we shall show in section 5 the following.

Theorem 3. Every regular Bethe state at ¢ = qq in sectors A and B is the highest weight.
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2.2. Highest weight polynomials of regular Bethe states

Let us denote the inhomogeneous parameters by &, for £ = 1,2, ..., L, where L is the lattice
size. We define functions ¢§E (x) by

L
¢ () = [ [ = xe*). Q2.1
=1
Recall that #1, #5, . . ., tg are regular Bethe roots at a given value of ¢ in the inhomogeneous
case. We define F*(x) by
R
FEx) = 1_[(1 — x exp(£2t))). 2.2)
j=1

Let |R) be a regular Bethe state at gy in sector A or B in the inhomogeneous case
and 7,1, ..., 7z the regular Bethe roots. At ¢ = g, we express F¥(x) as F¥(x) =
]—[f:l (1 — x exp(£27;)). We consider the following series with respect to x:

¢z (x) >,
Pt Pt (rq-1) Xem*
FE(xqo)F*(xq, ") ‘=

m

for |x| < min{le*?|}. (2.3)

m

Here, we define coefficients )Z;m by power series (2.3). Explicitly, we have

min(L,m) P
Xiw= D, (=D > exp <i Zzg_,.k)
p=0

1<ji<<jp<L k=1
R
§ +YF o7
X e 2/71 il 1_[[”] + 1]qov (24)
ny+-ng=m—p j=1

where symbol Zn] g —p denotes the sum over all non-negative integers ny, na, ..., ng
satisfyingn; +---+ng =m — p. When R =0, we set p = m.

Proposition 4. Let gy be a root of unity with qu = 1. For a regular Bethe state |R) at qq
in sector A or B in the inhomogeneous case such as given in theorem 3, weight d is given by
r = (L —2R)/N, and eigenvalues \; of (1.8) are given by

(—1)kN)~($+’kN, if gois of typel, 23)
o (—1)k(N“’ngN, it qois of type 1L ’
We thus obtain the highest weight polynomial P* () of |R). For type I, we have
N ZZ:(} X;,kNuk for odd N(q(l)v = l)
P =1 % ’ . 2.6)
2o X n (1) for even N(gq) = —1),

and for type 11

Pru) =Y % (- (N :odd; ¢ = —1). 2.7)
k=0
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2.3. An irreducibility criterion of highest weight representations

In order to obtain the degenerate multiplicity of a regular Bethe state at gy, it is fundamental to
derive the dimension of a given highest weight representations [12, 13]. In fact, every finite-
dimensional representation of U (L(sl,)) should be given by a collection of finite-dimensional
highest weight representations.

Recall that we assume in the paper that U Q is finite dimensional. Let P*(u) be the highest
weight polynomial. We introduce parameters a; by

s
Ph(u) = ]_[(1 — agu)™. (2.8)
k=1
Here ay,a,,...,a; are distinct, and their multiplicities are given by mi, ma, ..., my,

respectively, where r = my + --- + m;. We now introduce highest weight parameters a;
fori =1,2,...,r,as follows:

A

a; = ay, if mi+my+---+mp_y <i <mp+---+mp_1+myg. (2.9)

It can be shown that @; are nonzero [13]. We thus have three equivalent expressions for the
highest weight d;, of Q: sequence A of eigenvalues A, polynomial P* (i), and parameters a;
(i.e. parameters a; with multiplicities m ;).

It was shown by Chari and Pressley [8] that corresponding to each irreducible finite-
dimensional representation with highest weight P* (i) there exists a unique finite-dimensional
highest weight module W such that any finite-dimensional highest weight module V with
highest weight P*(u) is a quotient of W. The modules W are called Weyl modules [8].
Furthermore, it was shown that a Weyl module is irreducible if and only if the polynomial
P*(u) has distinct roots [8]. Thus, if the highest weight parameters a; of V are distinct, V
is irreducible, and the polynomial P*(u) becomes the Drinfeld polynomial of V. We have
dimV = 2°.

However, highest weight parameters @; are not always distinct. It is shown that the highest
weight representation generated by €2, i.e. U2, is irreducible if and only if the following holds
[13]:

\
DD T xy =0, (2.10)
Jj=0

where u; (k =1,2,...,s) are given by
L = Z a, - a,. (2.11)

I<ij <<y <s
We note that every irreducible representation has no invariant subspace under the action of
U (L(sly)) except for trivial cases. If U2 is irreducible, the dimension is given by [4]

dimUQ = [ [om; + D). (2.12)
j=1

Through criterion (2.10) we shall show such a regular Bethe state in the inhomogeneous
case that generates a reducible representation (see section 7.2.3).

We shall show that for a given regular Bethe state in sector A or B, the Fabricius—McCoy
polynomial (1.9) corresponds to the highest weight polynomial evaluated in (2.6) and (2.7)
(see corollary 25). It thus follows that conjecture (1.10) is valid in sectors A and B if the
highest weight parameters a; are distinct. However, if U2 is reducible, conjecture (1.10) is
not valid, since it has no Drinfeld polynomial.
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We have a conjecture that regular Bethe states at g in sectors A and B should generate Weyl
modules. A majority of regular Bethe states should have distinct highest weight parameters,
while most of those with degenerate ones should generate such reducible representations that
are equivalent to Weyl modules.

3. The transfer matrix of the six-vertex model

3.1. R matrix and L operator of the algebraic Bethe ansatz

In order to fix the notation, let us introduce the algebraic Bethe ansatz [24, 31, 32]. We define
the R matrix of the XXZ spin chain by

fw—12) 0 0 0
_ 0 g(w—2) 1 0
R(z—w) = 0 | 2w —2) 0 , 3.1
0 0 0 fw—2)
where f(z — w) and g(z — w) are given by
sinh(z — w — 2n) sinh(—2n)
_ _ — — = " 3.2
fa=w) sinh(z — w) §z—w) sinh(z — w) (3.2)
We recall that parameter 27 is related to ¢ by ¢ = exp(2n). We now introduce L operators for
the XXZ spin chain. Let V,, be two-dimensional vector spaces forn =0, 1, ..., L. We define
an operator-valued matrix L, (z) by
__ (sinh (zln + nanz) sinh2no,”
Ln(@) = ( sinh 2no;} sinh (21, — noy’) )" (3.3)

Here L, (z) is a matrix acting on the auxiliary vector space Vj, where /, and o,/ (a = z, %)
are operators acting on the nth vector space V,. The symbol / denotes the two-by-two identity
matrix, and & denote 0* = E1, and 0~ = E,;, where they satisfy relations EijEw =0;kEi¢
fori, j,k, £ = 1,2. Here §; denotes the Kronecker delta. The symbols, 6", 0”7, o* denote
the Pauli matrices.

Let us introduce the monodromy matrix with inhomogeneous parameters &,:

T(z; {8 = Loz — &)+ Loz — &)Ly (z — &1). (3.4

We call T'(z; {£,}) the inhomogeneous monodromy matrix. In terms of the R matrix and the
monodromy matrices, the Yang—Baxter equation is expressed as

Rz —w)(T(z:{&:}) @ T (w; {5:}) = (T(w; {:,}) @ T(z: {€:))R(z — w). (3.5)
We express the matrix elements of the inhomogeneous monodromy matrix 7 (z; {£,}) as
Az {&)) Bz {én})>
C(z: &) D {&D)
From the Yang-Baxter equation for 7'(z; {£,}), we have the commutation relations such as
B(wy; {€:}) B(wo; {6,}) = B(w2; {§,}) B(wy; {§,}) and
A(wy; (5D B(wa; {5:D) = f(wr — w2) B(wa; {§: ) A(wy; (5.1

—g(w1 —w2) B(wy; {&: D) A(wa; {€.]). (3.7

Here parameters w; are arbitrary. Hereafter, we suppress the inhomogeneous parameters, &,
for operators A, B, C and D. We denote B(w;; {§,}) simply by B(w;).

T(z; (&) = < (3.6)
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Through the commutation relations such as (3.7) we have for n € Z the following:

A(wo)B(wy) - - - B(w,) = l_[f(wo —w;) | B(wy)--- B(w,)A(wo)

J=1

=Y gwo—w) [ [ fw; —w)Bwy) -+ Bw;1)B(wo)
j=1 k#j
X B(wjr) -+ B(wy) A(w;). (3.8)

3.2. The inhomogeneous transfer matrix of the six-vertex model and the Bethe states

We define the inhomogeneous transfer matrix of the six-vertex model, gy (z; {§,}), by
Tov (23 {5a}) = r T (25 {6,}) = A(2) + D(2). (3.9)
When all the inhomogeneous parameters, &,, are set to be zero, we call gy (z; {§, = 0}) the
homogeneous transfer matrix of the six-vertex model and denote it simply as gy (z). It is
invariant under lattice translation. The XXZ Hamiltonian is given by the logarithmic derivative
of the transfer matrix, tgy (z), at z = n:
d L
sinh 2n x - log ey (2) .=y = Hxxz + 7 cosh 2n. (3.10)
4
Here we note that the XXZ coupling A is given by cosh 27.
We denote by |0) the vector with all spins up. We have
A(2)|0) = af" (2)]0), D(2)|0) = df" (2)(0). (3.11)

Here agv (z) and dgv (z) are given by

L L
af’ (@ =[]sinhz—&+m.  &"@ =][sinh@-& -n. G.12)

n=1 n=1
It is shown [31] that the vector B(z;) B(t,) - - - B(tg)|0) is an eigenvector of the inhomogeneous
transfer matrix ey (z; {€,}) if rapidities #1, t5, . . ., tg satisfy the Bethe ansatz equations
6V R
ag” (t;) o —t;
i L S = 1) for j=1,2,...,R. (3.13)

dgv(fj) - kLt f@—n)

In the same way as the homogeneous case for (1.4), we call the eigenvector
B(t1)B(t2) - - - B(tg)|0) the Bethe ansatz eigenvector or the Bethe state, briefly. Here we call
t, t, ..., tg, the Bethe roots, and call them regular if they are finite and distinct. Furthermore,
we call the Bethe state regular, if it is nonzero and the Bethe roots are regular.

4. The sl, loop algebra symmetry at roots of unity

4.1. Generators of the quantum groups

The quantum affine algebra U, (sl,) is an associative algebra over C generated by eii, Kii for
i = 0, 1 with the following relations:

KK '=KK =1, Kief K[ = g™, Kie7K ' =q™¢ (i # ),
B K — K|
[e:,ej] = 8,‘.]‘#, (41)

(e.i)3e?E — [:’,]q(e‘i)zeﬁte.jE + [?s]qe[ie;ft(el‘i)2 - ef(e#f =0 @i # j).

1 1 1 1
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Here g is generic and [n], denotes the g-integer of an integer n: [n], = (¢" —q™")/(q — g .
The algebra U, (s/5) is also a Hopf algebra over C with co-multiplication

A(ef):ef@](i+1®ei+, A(e;):e;®1+Kfl®e;,
A(K;) = K; ® K;,

and antipode S(K;) = Klfl, S(e;) = —e;’Kfl, S(e;) = —Kje; .

The quantum algebra U, (s1>) is an associative Hopf algebra over C generated by elements
e* and K with the same defining relations of the Hopf algebra as those for ef and K of U, (s»).

We now introduce evaluation representations for U, (s?z) [22]. For a given nonzero
complex number a there is a homomorphism of algebras ¢,: U, (sl — U, (sl>) such that
Da (e(jf) = gTlat!eT, (pa(ef) = e*, p,(Kg) = K" and ¢,(K;) = K. Let us denote by
(m, V) a representation of an algebra A such that 7 (x) give linear maps on vector space
V for x € A. For a given finite-dimensional representziltion (my, V) of U,(sl), we have
a finite-dimensional representation (v, V(a)) of U,(sl>) through homomorphism ¢,, i.e.
Ty (x) = my(p.(x)) for x € Uq(siz). We call (my (), V(a)) or V(a) the evaluation
representation of V and nonzero parameter a the evaluation parameter of V (a).

We consider such finite-dimensional representations of U, (sl,), where K; are equivalent

4.2)

to ¢’ with diagonal matrices H; for i = 0, 1. In the representations, we denote by K il/ * the
square root of K;. We introduce the following operators fori = 0, 1:

q"’K_l/2 * e =q e Kl/2 4.3)

Here n, @i=0, 1) are arbitrary. The operators e satisfy the same defining relations (4.1)
with el and the following co-multiplication [23]:

kP ger. (4.4)

Aef) =e®K,
Taking the co-multiplication L — 1 times we have
L
AL (3F) Z 1/2 8U-D o ot ®(K.1/2)®(L’j) 5)
l 1 ° N
j=1
Let us denote by (1, V1) such a two-dimensional irreducible representatlon of U, (sl»)
where generators e* and K are represented by the Pauli matrices o and ¢°", respectively,
i.e. we have m(e*) = o% and 7 (K) = ¢° . For the evaluation representation Vi(a),
we take the Lth tensor product, V, (a)®L. Setting a = g, we denote by S* and T the
matrix representatlons of generators 2§ and & actmg on Vi (q)®", respectively. Here we note
SE =7y @ - @y, ) (ALTV(8F))- Exphc1tly, we have

L
st — Zqoz/z R ® qaz/z Q U;E Q q—UZ/Z Q- ® q—UZ/Z’
j=1
" (4.6)
+ _ —o?%)2 —oZ)2 + a?/2 Z72
T=>"¢7"®  ®¢° @ ¢ PR - ®q¢
j=1
Here we have set ng = n; = 1/2. The symbol oji denotes the Pauli matrices o* acting on

the jth component of the tensor product. We denote by qSZ the matrix representation of K 11 2
acting on the tensor product V;(q)®*. We have

V4 oZ L o2 oZ
¢ =" =" g @)

We recall that % denotes the Z-component of the total spin operator, SZ = Z,L‘=1 ol /2.
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We define the g-factorial of n by [n],! = [n],;[n — 1], - - - [1],. Here, g is generic and not
aroot of unity. We introduce the following notation for the nth power of an operator X divided
by the g-factorial of n:

O = (X)"/[n,. (4.8)
It is easy to show the following [14]:

(T4 = Z ¢ R @q ®gjﬁlt®q—‘"52)02 ® - --@q T
I<ji<<ja<L
®gjf®q—m§74)“z®...®gi ®q%"2®...®q%“z. 4.9)
We derive operators ST and T*™) defined by (1.2) of section 1 through the following limit:
SN = lim (§%)!V, 7™ = lim (T5)V. (4.10)
440 a4 a—qo 4
Here we recall that ¢y denotes a root of unity satisfying qu =1.
4.2. Quantum group generators through infinite rapidities
Let us define function ng(z) by
L
ne(z) = [ [ sinh(z - &)), “4.11)
j=1
and function g(z) by
R 2 exp(—z) sinh 2n (Rez > 0),
8@2) = : (4.12)
—2exp(z) sinh2n (Rez < 0).
We normalize operators A(z), ..., D(z) as follows:
A@) =A@/n:),  B@ = B@)/E@@n: ). @13
D(z) = D(2)/n (2), C2) = C@)/(@@ng (2)).
Taking the limit of infinite rapidities for the inhomogeneous case, we have
A(xoo) = ¢+, B(oo) =V T V*, B(—o0) = V*SV, w1
D(£o0) = g7, C(o0) = VSTV, C(—00) = VTV, '
where V* are given by the following diagonal matrices [11]:
L
(VORI = exp (i Zsiji) Sjiks Sk (4.15)
i=1
where jo, kg = 1,2for€ = 1,2, ..., L. Let us define operators Sgt and TEjE by
Sy =Vstve, TS =V T*V*. (4.16)

We can show that S;E, T; and qsz satisfy the defining relations of U, (L(sl>)) through
the evaluation homomorphism [22]. Recall generators éii fori = 0, 1 defined by (4.3) with

nyg = n; = 1/2. Inthe tensor product ®JL.=1 Vilg;) = Vi(q XN RVi(ge®)®---®Vi(ge*r),
generators éii fori = 0, 1 are related to SéjE and TEjE as follows:

+ - -D(5 + - “D(px
Sé =V ®jL»=1 JTV](q].)A(L 1)(€(T)V+, T§ =V ®le=1 JTV](qj)A(L 1)(61 )V+
Here g; = gexp2§;forj =1,2,..., L. Thus, SSjE and TSjE satisfy the same defining relations
of U, (L(sl»)) as generators &} and éli, respectively.
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4.3. Complete N-strings

Let N be a positive integer.

Definition 5 (complete N-string). We call a set of rapidities z; a complete N-string, if they
have the following relation:

5 =A+n(N+1-2)) (j=1,2,...,N). 4.17)

We call the parameter A the centre of the N-string.

Setting w; = z; with z; being the complete N-string, we have the following:

N N
0 (Jj#N) [N] G=1
f(z‘_z"):{ P — f(Zk_Z'):{ ! .
k:l;[#.i ' [Ng =N, k_l;[# ! 0 (J#D.
(4.18)

Applying (4.18) into (3.8) with n = N, and sending the centre A of the complete
N-string (4.17) to infinity, we have

Awo)(17)" = ¢™(17)" Awo) — [N1,Bwo)(1,)"'¢5 e™. (4.19)
Similarly, we have
Do) (1) = ¢~ (1) D(wo) — N1, B(wo) (7))
We thus have
(AQwo) + Dwy)(T;))" = (1,)" (@" Awo) + ¢~ D(w))

- eWOB(wO)(TE—);N*”(qu —q ). 4.21)

Nl =57 (e, (4.20)

Taking the limit A — —o0, we have the commutation relation for S;". Similarly, we derive
commutation relations for (Sgr )N and (TSJ')N. In summary we have the following:

(AQwo) + D(we) (57)," = (5£)." (@™ Awo) +¢" D(wo))

w0 X wo)(SE)"(@* - q7%), (4.22)
(AQwo) + Dwy) (1)) = (1) (q" Awo) + ¢~ D(wo))

— e X o) (1) (65 — 7). (4.23)

where X (wg) = C(wq) for Sg and Tg, while X (wo) = B(wo) for S; and 7.

44. Sgt ™ and Tgi(N) as generators of the sl loop algebra

Let us recall that in sector A where S% = 0 (mod N) gg is a root of unity with qu =1,
(cf definition 1), while in sector B where S = N/2 (mod N) with N odd, g is a primitive
Nth root of unity.

It follows from (4.22) and (4.23) that S; " and 7;""” (anti-)commute with the transfer
matrix of the six-vertex model 4y (z; {£,}) in the cases of sector A and B:

St M ey (2 €D = ad tov (23 ED STV,

(4.24)
1M ey (2 €. D) = qd tov (@ ED T Y.
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It is readily derived from the (anti-)commutation relations (4.24) that the operators S +W) and
T*™) commute with the XXZ Hamiltonian in the cases of sectors A and B. Here we recall
that the XXZ Hamiltonian Hxxz is given by the logarithmic derivative of the homogeneous
transfer matrix tgy (2).

We now show that Sgi ™ and T;(N) generate the s/, loop algebra [14]. When ¢y is of
type I, we set

L I I S
2, (4.25)
—Hy = H, = —S*.
N
When g is of type II, we set
Eg = =11, Ey =—11;", Ef = /=15;V,
(4.26)

2
Er =v-15;", —Hy=H, = NSZ.

Here +/—1 denotes the square root of —1. (See also (A.13) of [9].) Then, operators Eji, H;
for j = 0, 1, satisfy the defining relations of the s/, loop algebra U (L(sl)) [14]:

Hy+ H, =0, [H. E7]| = +a;E}, (i,j=0,1) 4.27)
[E], E]T] =8 Hj, (i,j=0,1) (4.28)
(E [EF [ES EF]]] =0, (i,j=0,1,i#)). (4.29)

Here, the Cartan matrix (a;;) of Agl) is defined by

ag ap\ (2 2
<a10 6111)_<—2 2). (4.30)

We obtain relations (4.27), (4.28) and (4.29) from the fact that Séi and T; are generators
of the quantum group U, (sl,). The Serre relations (4.29) hold if g is a primitive 2Nth root of
unity, or a primitive Nth root of unity with N odd [14]. We derive it through the higher order
quantum Serre relations due to Lusztig [30]. The Cartan relations (4.27) hold for generic g.
Relation (4.28) holds for the identification (4.25) when ¢ is a root of unity of type I, and for
the identification (4.26) when ¢ is a root of unity of type II. In the case of sector A (S =0
(mod N) and gy is a root of unity with qu = 1), we have the commutation relation [14]

2
R E N | L 4.31
[35 & ] (=D q N ( )

Here the sign factor (—1)Y~'¢" is given by 1 or —1 when ¢ is a root of unity of type I or II,
respectively. In the case of sector B (S% = N/2 (mod N) with N odd and g a primitive Nth
root of unity), we have the commutation relation

2
[s:™, ;™M) = =57, (4.32)

N

Using the auto-morphism of the loop algebra 6 (Egt) =L f and 6(Hy) = H,, we derive
another identification. For instance, for the type I case, we may set
E=sY B =S E=TV. E =1V,

2 4.33
Hy=—H, = —S*. (439
N

The identification (4.33) with &, = O for all # is given in [14].
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Generators x,f and hy for k € Z satisfying the defining relations (1.5) are the classical
limits of the Drinfeld generators [6, 15]. However, we also call them Drinfeld generators
for simplicity. There is an isomorphism between the Drinfeld generators and the Chevalley
generators as follows [6, 15]:

Ef > xf, EJ > x7, Ey > x*, —Hy = H, > hy. (4.34)
For roots of unity of type I, i.e. go is a primitive Nth root of unity with N odd (q(’)V = 1) or g
is a 2N'th primitive root of unity with N even (qév = —1), through isomorphism (4.34) and
identification (4.25) we have the following correspondence:
=SV =g = =T,
2 (4.35)
hy = —5%.
N

Here relations (4.35) are valid both in the sector §* = 0 (mod N) and in the sector S = N /2
(mod N). For roots of unity of type II, i.e. when g is a 2Nth primitive root of unity with N
odd (qé" = —1), through the isomorphism (4.34) and the identification (4.26), we have the
following:

G=VIISY . =TS, = W,

2 (4.36)
xp =~/—11, ", ho = NSZ.
Let the symbol U;(g) denote the algebra generated by the g-divided powers of the

Chevalley generators of a Lie algebra g such as (eji)((;v) [7]. The correspondence of the
algebra U, " (g) at a root of unity, go, to the Lie algebra U (g) was obtained essentially through
the machinery introduced by Lusztig [29, 30] both for finite-dimensional simple Lie algebras
and infinite-dimensional affine Lie algebras. In fact, by using the higher order quantum Serre
relations [30], it has been shown that the affine Lie algebra U (sAlz) is generated by (ef);iv) at
roots of unity. However, in the case of the affine Lie algebras g, the highest weight conditions
for the Drinfeld generators are different from those for the Chevalley generators. Through
the highest weight vectors of the Drinfeld generators, finite-dimensional representations were

discussed by Chari and Pressley for U ;ES(g) [7].
5. The outline of the proof of the highest weight conjecture
5.1. Sufficient conditions of a highest weight vector

Lemma 6. Suppose that x(]:, x*,, x1 and hy satisfy the defining relations of U(L(sl,)), and
x,f and hy (k € Z) are generated from them. If a vector |®) satisfies the following:

${|®) = x| ®) =0, 5.1)
ho|®) = r|®P), (5.2)
(@)D" @) = Aal®)  for m=1.2...7, (5.3)

where r is a non-negative integer and X, are complex numbers. Here (x)™ denotes x"/n!.
Then |®) is highest weight, i.e. we have

x| ®)=0 (k€ 2), 5.4
hi|®) = di|P) (ke 2), (5.5)

where dy are complex numbers.
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Lemma 6 will be shown in appendix A. Here we note that conditions (5.1), (5.2) and (5.3) are
also necessary for |®) to be highest weight.

We shall derive theorem 3 on the highest weight conjecture through lemma 6.
Conditions (5.1) and (5.3) correspond to (1.11) and (1.12), respectively. We call conditions
(5.1) and (5.3) annihilation property and diagonal property, respectively. We note that
conditions (5.4) and (5.5) correspond to (1.6) and (1.7), respectively.

5.2. Isolated solutions of the Bethe ansatz equations

As far as the Bethe ansatz equations are concerned, every isolated solution at a root of
unity, go, is continuously extended to a solution at generic ¢ near gog. Note that the Bethe
ansatz equations (1.4) (and (3.13)) are expressed in terms of rational functions of ¢ of finite
degree.

We now assume conjecture 2. Let 7,7, ..., g be a set of regular Bethe roots at g
forming an isolated solution of Bethe ansatz equations. It follows from conjecture 2 that
there exist such regular Bethe roots at ¢, t1, 12, . . ., t, that approach the regular Bethe roots at
qo, 11, b, . . ., I, respectively, when g goes to go. The regular Bethe state |R) at g associated
with 7; is thus given by

|R) = B(71, n0) B(t2, mo) - - - B(7g, 10)10). (5.6)

Here we recall ¢ = exp(2n), and the n-dependence has been explicitly expressed as B(w, n).
Let us denote by |R), the regular Bethe state at ¢

|R)q = B(t1,n)B(ta, n) - - - B(tg, n)[0). (5.7)
Then, we have the following:

IR) = lim |R),. (5.8)

q9—>490

We remark that conjecture 2 is supported by an extensive study of numerical solutions of
the Bethe ansatz equations near roots of unity [16]. For R = 1, we can show it explicitly with
analytic expressions of Bethe roots in terms of g.

5.3. Annihilation property

Let us discuss the derivation of relations (1.11) (i.e. (5.1)). We construct operators S; ™ and

T;(N) as follows:
S¢™ = i C (oo )", 77N = i C(—o0. ). 5.9
¢ Jm [N]q!( (00, 1)) £ Jm [N]q!( (=00, m) (5.9

We evaluate the action of the operator Sg ™ on the vector |R) by the limiting procedure

S;™|R) = lim (C (o0, M)V B(t1,m) -+~ Bltg, )0} ¢ . (5.10)

a—q | [N],!
Let us recall that L is the lattice size and R is the number of regular Bethe roots. We
denote by Xz = {1, 2, ..., R} the set of indices of the regular Bethe roots, f, 2, . . ., tg. For

a given set S we denote by |S| the number of elements. We express by Z‘fg{' the sum over

all such subsets A of B that have n elements. The following lemma will be shown in section 6.
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Lemma 7. Let t1, 15, ..., tg be regular Bethe roots at generic q. For a given positive integer
N., we have
[SNe|=Ne

(C(H00)“B(1)B(1) -+~ Bup)0) = Y [] Bw)I0)

Sy CXr LEXR\SN,

X exp :I:th 1_[ agv(tj) 1—[ [t — 1)

jESN(. jESN(. kGER\SN(.

[Nelg!

N.—1
L

x (=D)Ne(gF — gTHNe x ]_[ [E—R+NC—Z} ) (5.11)
=0 q

Assuming conjecture 2 we have the following:

Proposition 8. (i) When L is even and qq a root of unity with g3 = 1, every regular Bethe
state |R) at qq is annihilated by operators S*™) and T*™) in any sector of S* € Z.:

S{™MIRy =1, |R) = 0. (5.12)
(ii) When L is odd, N is odd and qy a primitive Nth root of unity, every regular Bethe state
|R) at qo is annihilated by operators Sg ™ and T;(N) in any sector of S*, where S% takes
half-integers.

Proof. Let us put N, = N in (5.11). In the case of even L, the product: ]_[?/;()I[L /2 —
R+ N — (], vanishes if qu = 1. Thus, by taking the limit ¢ — gy, it follows from (5.11)
that operators S**") and 7™ annihilate the regular Bethe state | R). In the case of odd L, the
product: [])"'[L/2 — R+ N — £],, vanishes if g} = 1. It follows that operators S*™) and
T+ annihilate the regular Bethe state |R). O

We note that when ¢ = +1 and N = 1, expression (5.11) leads to another proof for the
spin SU (2) invariance of the XXX Bethe states shown in [32]. In fact, the right hand side
of (5.11) vanishes when ¢ = +1 and N = 1, since factor ¢ — ¢! vanishes.

5.4. Diagonal property

Let us consider the limiting procedure of sending rapidities z; and zj to infinity in the products
of operators such as B(z;) and C(zx). Since they are matrices of finite sizes, the infinite
limiting procedure does not depend on the order of sending arguments z; to infinity. For
instance, we have
lim ( lim C(z))B(z2)) = ( lim C(z))( lim B(z2)). (5.13)
2—> 00 71— 00 20— 00

17> 00 7

Each of the matrix elements of operators E(z j) and C (z;) is written as a sum of products
of 2 x 2 matrices such as sinh (z; & no;’) / sinhz; and sinh 2no;* / sinhz;. Here we recall
normalization (4.13).

In addition to regular Bethe roots at generic g, t1, f, . . ., tg, we introduce kN rapidities,
21,22, - - -, Zkn, forming a complete kN-string: z; = A+(kN+1-=2j)nforj =1,2,...,kN.
Here we recall definition (4.17) of the complete N-string. We calculate the action of
(Sg(N))k(TE_(N))k on the Bethe state at gg, |[R) = B(f}) - - - B(iz)|0), as follows:

WK (= (VYK oy 1 , 1 ~ kN
(e (T)1R) = Jim (Ah—l;noo v, nF )

1 )
X e B B ) Bl - Bl n)|0>> , (5.14)
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Associated with the limit A — =00, we define € £ by
= exp(F2z,) = ei 2 for v=0,1,...,kN. (5.15)
Here e(jf = exp(:FA F (kN + 1)n). We expand B(z,) at infinities:

Bz)) =) b5, ()" (A — F00). (5.16)

Infinite series (5.16) is convergent if €X is small enough. The matrix B(z,) has a finite
number of matrix elements which are given by sums of products of 2 x 2 matrices such as
sinh (z] &, £ no;, )/smh(zj &,) and sinh 2no;; /smh(zj &).

Letty, 15, ..., tg be a set of regular Bethe roots at generic g. We define 85 £(x) by
S; *x)=1 — x exp(£2t)) for j=1,2,...,R. (5.17)
For a subset J of X, i.e. J C X, we define FJi(x) by
Frm =[] sfw. (5.18)
texp\J

When J is empty, FJjE (x) reduces to F*(x) defined in (2.2). We define ngj(x) by
0 ¢gh (xq:t(2ffpfl))

Xg, () = e Ca) 1_[
&.J Ff(xqﬂﬂﬂ))Fji(xqﬂpﬂ)) o ¢gt(xqi(2€—p))

x [T (sFE@g™e D)5 g=e—) ™" (5.19)

jel

Here p is given by |J|. We define X;E ,;IJ by the following series expansion:

X500 = xe x" (x| < D). (5.20)

We shall show in section 6 the following.

Lemma9. Lett, 1, ..., tg be a set of regular Bethe roots at generic q in the inhomogeneous
case. Sending centre A of the kN -complete string to 00, we have

1 A A N
([N]q (C(£00)) ) B(ll)B(lz)"'B(IR)WB(ZOB(@)'“B(Zkzv)|0)
[kN1, 2 kN [Jl=p (kN—p)O(p—1)
. 2j(n+1)
<([N] v)k) Z Z Z Z ! l—[bém
p=0JCXr no=0 ni+An,=ng
< [ Baployexp|£d 1 | g7 [ TTa" ) [T £ -1
j€e\J jes jel texp\J
kN —p—ng |L|=¢
x (=DM @™ =™ Y D KN e e3P [ £ D21
=0:0<p LcJ jeL
-1 p—E—1
[]1L/2=R—kN = jl,+O().
47 i=0 j=0
(5.21)

The symbol an S denotes the sum overall non-negative integers ny, n, ..., n, such
that their sum is given by ng. Here ®(x) = 1 for x > 0 and ®(x) = 0 for x < 0.
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In expansion (5.21), we call such terms with p > 0 off-diagonal terms, and the term with
p = 0 the diagonal term.
Assuming conjecture 2 we have the following.

Proposition 10. Let gy be a root of unity with qu = 1. In the cases of sectors A and B, we
have
&) (n— (k) ~

(5.22)
k) (o 5=
(T;(N))( )(Sé (N))(k)|R> _ (—1)kNXs,kN|R>’ for ke Zxo.

Proof. Let us recall S = L/2 — R. We have two cases whether p = 0 (mod N) or not. When
p # 0 (mod N), we have the vanishing product

-1 p—Lt—1
1
lim | [[1s? —kn+il, [] (8% —kN —jl, | =0. (5.23)
Pla- i

940
j=0

When p = 0 (mod N) and p > 0, then p = ¢ N for an integer ¢ with 0 < ¢ << k. We have

tN
£ 2)n; A
» g =7 ] b 10y =0, for ng > 0. (5.24)
ny+-+n,y=ngp k=1

We now show (5.24). When g = g, a root of unity with qu = 1, we have the vanishing
product of B operators with their arguments given by a complete # N-string, as follows [33]:

B(z1)B(z2) -~ B(z:n)[0) = 0. (5.25)
Expanding B(z1)B(z2) - - - B(z:x)|0) with respect to 63[, we have

& + ZIN 2i (N
+\"0 j=1=J1j 7+ _
2" 2 4 [15£.,100=o0.
no=0 ny+-+n,y=ng k=1

Therefore, all the off-diagonal terms vanish in (5.21). Sending ¢ to g, a root of unity with
qu = 1, we have relations (5.22) of proposition 10. ]

Here we note that we can show (5.25) also by the algebraic Bethe ansatz calculating all the
matrix elements of the product of B operators acting on the vacuum [24].

We obtain coefficients X;,Ekzv of proposition 10 (and proposition 4), evaluating X;ki,,
which is defined by (5.20), at go where we set J =, p = 0 and t; = 7; for all j. Expression
(2.4) of f(g‘fk 18 derived through the following series expansion with respect to small x:

1
(I —xqexp(2t;))(1 —xq~"exp(2t;))

o0
= Tk +1]xk e (5.26)
k=0

We derive expression (2.5) of eigenvalues A, through relations (4.35) and (4.36) for type
I and 1II, respectively. They connect the two sets of generators, S; ™ and TE_(N), and x; and

x, , respectively.

5.5. Derivation of theorem 3

It follows from lemma 6 that we obtain theorem 3 (and proposition 4) from propositions 8
and 10. Here we recall that by assuming conjecture 2, propositions 8 and 10 are derived from
lemmas 7 and 9, which are shown in sections 6.3 and 6.4, respectively.
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5.6. On higher spin generalizations

By introducing higher dimensional representations of L operators, the inhomogeneous transfer
matrix of the six-vertex model, 75y (z; {£,}), is generalized into that acting on the tensor product
of higher dimensional vector spaces.

In the cases of sectors A and B, we show that the generalized inhomogeneous transfer
matrix has the s/, loop algebra symmetry at ¢ = qo. Here we employ the standard fusion
method, and hence the higher spin generalization almost corresponds to a special case of the
inhomogeneous one. The derivation of the s/, loop algebra symmetry for the generalized
inhomogeneous transfer matrix is parallel to that of section 3. The symmetry operators are
derived from the Nth powers of B and C operators by taking the infinite rapidity limit and then
sending g to go. We then show similarly as in section 6 that all regular Bethe states at g are
highest weight vectors in the cases of sectors A and B.

6. Explicit derivation of regular Bethe vectors being highest weight

6.1. Important relations for Bethe roots

Lemma 11. Let ty, 1o, ..., tg be a set of Bethe roots at a given value of q, and S be a subset of
Yr ={1,2,..., R}. Forany pair of sets J4 and Jg such that J4 U Jg = Sand Ja N Jp =0,
we have the following:

[Ty [T ras—=w | ]I r@—mw

jeJa keXp\S je€Ja kelp
= [T e ] raa—o) | TTT] fe—1m- (6.1)
JjeJa keXg\S j€Ja kelp

Furthermore, we have

[Tat @p T] £ —w=[]d"aH [ ra—1p. (6.2)

jes keXp\S Jjes keXp\S
Proof. The first relation (6.1) is derived from the Bethe ansatz equations (3.13). The second
relation (6.2) follows from (6.1). O
6.2. Fundamental formula of the algebraic BA with infinite rapidities

Through the commutation relations such as (3.7), which are derived from the Yang—Baxter
equation, it was shown in [24]:

C(wo) B(wy) -+ B(w,) = B(wy) B(wy) -+ B(w,)C (w)
+ > B(wy) - Bwj_)Bwja) -+ B(w,)g(wy — w;)
j=1

x { Awo)D(w) [T £ (wo — wi) f (wi — w))
k#j

— A(w;)D(wo) [ | £ (wic — wo) f (w; — wy)
k#j
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— Y BBy Bw; )Bwjw) - Bwi_1)B(wes) - - B(w,)
1< j<k<n

x g(wy — w;)g(wo — w) {Aw;) D(wy) f (w; — w)
< [T Faw; = we) fwe —wy)

£,k
+ Aw) D(w)) f(wg —wy) [T £ —we) fwe —w)y. (6.3)
0£]k
Here parameters w; for j =0, 1, ..., n are arbitrary.

We denote by X, the set of M letters: ¥, = {1,2, ..., M}. For a set S we express by
|S| the number of elements. The symbol S(n) denotes the symmetric group on 7 letters such
as {1,2,...,n}. For a finite set ¥ we define Sym(X), the symmetric group acting on the set
%, as follows. Let m be the number of elements of X. Then, each element of Sym(X) gives a
one-to-one map: %,, — X. For instance, we have S(n) = Sym(Z,).

Recall that w; for j = 1,2, ..., n are arbitrary parameters. For S, = {ji, j2, ..., ja} C
¥y, we introduce the following symbols:

:t):? Sn
) =af @g™? [ ' Fe—wo.
eTy\S,

_+:Z\S,
@@ =d @ [T a7 w2
LeXy\S,

(6.4)

Definition 12. Let S, be a subset of Xy with n elements: S, = {ji1, j2, ..., ju} C Zpy. Fora
given P € S(n), we denote by Sf the set {jpi, ..., jpe}for £ =1,2,...,n. Then we define
AE)5 5, by

A(S)E;EM Z H( iZM\Sn w]P€ 1_[ qilf wlPi/_ )

PeS(n) t=1 keS,\Sf
_+ % S 1
—a; w (i) 1_[ g™ f(we —wm)) 6.5)
keS\S?

Here we note that £y \ S/ = (Sy\S») U (S,\S7), for P € S() and £ = 1,2,....n. We
shall sometimes express A (& ) 5,3, as A& )i AR

Lemma 13. Let w; be arbitrary parameters for j € Xy . We have the following:

IS, |=n
(CEoo)" [T Bwoloy= > [] BwolOyexp|£)Y w;| A®T .5, (66
LeXy S CEp LeXy\Sy JESh

Here les,,c‘zzr; denotes the sum over all such subsets S,, of Xy that have n elements.

Proof. Formula (6.6) is derived through induction on n. First, sending wy to infinity in
equation (6.3), we have the following:

M
C(£00)B(wy) -+ Bwy)|0) = Y Bwy) -+ Bw; 1)Bwjs1) -+ B(wy)|0) e

x [af” g™ [T a* fw; —wo) —df¥ wpg* [ [a¥ fe —wp]. (6.7
k#j k#j
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This gives the case of n = 1. Let us assume the case of n. Multiplying both hand sides
of equation (6.6) in the case of n by C(£00), applying equation (6.7) to the product of B
operators on the right-hand side, we have equation (6.6) in the case of n + 1. ]

Let m and n be non-negative integers satisfying m > n. We define the g-binomial coefficient

by
[’”} __ my (6.8)
nl, [m —nl,n],!
Lemma 14. Let S, be a subset of yy = {1,2, ..., M} with n integers. We express it as

Su =1j1, jo, -+ Ju}. Let wj for j = 1,2, ..., n be arbitrary parameters. We have

AOEy = Y Sk [Z} PECRICYSURITN § EF-CT T
q

PeS(n) k=0 1<e<n—k
=1 Zu\S,
X l_[ e " (ijl) 1_[ f(wjn - ijm)' (6.9)
n—k<€<n 1<b<m<n

The proof of lemma 14 will be given in appendix C.

6.3. Proof of lemma 7

Proof. In formula (6.9) we put n = N, and set parameters w; as
w; =t for j=1,2,...,R. (6.10)

Let us specify permutation P € S(N,) as follows. First, we define disjoint sets / and K by
I ={P1,P2,...,P(N. —k)}and K = {P(N. —k+1),..., P(N. — 1), PN.}. Here we
have I UK = Xy, = {1,2,..., N:}. Second, we define P; € Sym(I/) by P;j = Pj for
j=12,...,N.—k,and Pg € Sym(K) by Pgj = P(j+ (N, —k)) for j = 1,2,... k.
Then, permutation P is given by Pj = P;jfor 1 < j < N, —kand Pj = Px(j — (N, — k))
for N, —k+1 < j < N.. We therefore express the sum over all permutations as follows:

[I|=Nc—k,|K|=k

o= > (6.11)

PeS(N,) IUK=3%y, P;eSym(I) PxeSym(K)

Here, Z‘,’L‘;fi‘gj"“:" denotes the sum over all decompositions of X _ into disjoint sets / and
K, where the numbers of elements are fixed such that |/| = N. — k and |K| = k. Let J; and
Jx be J; = {je|€ € I} and Jx = {j/|¢ € K}, respectively. We have
Ne—k
otgt’):R\SN" (ij) = agt’ER\SN" () for P; € Sym([1)
=1 jel
Similarly, we have
N,
5 ARYA _ 2R\ SN,
H a, R\ (ijKW(NF,())) = a, RS (1)) for Px € Sym(K)
e=N,—k+1 Jj€Jk
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Thus, A(E)?NL‘;ER(]IFN"(NE’I)/Z is given by

[1|=Nc—k.|K|=k

i(_l)k [A]ﬂ g N el
k=0

IUK=Xy, jedr
_+;Zr\ SN
< [Ta " a [T ] ra&—w
ZEJ[( jEJ[ ZEJK
X Z l_[ f(tjP,z - tjP[/u) Z l_[ f(tjPK(I - tjPKm)'
PreSym(I) 1<b<m<N—k PreSym(K) 1<b<m<k

Applying formula (B.2) to the sums over Sym(/) and Sym(K), we have factors [N, — k], !
and [k],!, respectively. Thus, we have

A(E)S 5 = gV ND2IN !Z( )k gFMNe=Dk

k=0
|I|=N.—k,|K|=k
+: 28\ S, _ 2R\ S,
<2 Jle™ ™o [Ta™ ™ w [T re-w
TUK=Xy, jed; telk jelrtelk

We apply lemma 11 to the product of ;s or @;’s, and we make use of formula (B.3) where
Sy, and Jg give X, and S, of (B.3), respectively. Through the g-binomial formula (B.1), we
obtain (5.11) for generic g. O

6.4. Derivation of lemma 9

6.4.1. A complete kN-string as additional rapidities. Let us recall that the action of
(S;(N))k(T{(N))k on the Bethe state |R) is formulated through (5.14), where |, 1, ..., tg
are regular Bethe roots at generic ¢, and zy, 22, . . ., Zxy are additional kN rapidities forming
acomplete kN-string: z; = A+ (N +1—=2j)nforj=1,2,...,kN.

We now consider a complete N,-string, where N, corresponds to the number of rapidities
in the complete string, i.e. N. = kN. Hereafter, we set parameters w; as follows:

w; =1; for 1<]<R, WitR = Zj for 1<]<NC (6.12)
We write index R + j as ], Le. Wj = WR4; for 1 < j < N.. Here X = {1,2,..., R} gives
the set of indices of Bethe roots, #, f», . . . , fx. We denote by Zy, the set of 1ndlces of N,

rapidities z;:
Zy, ={R+1,R+2,....,R+ N} ={L2,...,N}. (6.13)

The set of all indices, gy, = {1,2,..., R, R+1,..., R+ N.}, is given by the union of X
and ZNL,, i.e. ER+NC = ER U ZNL_.

Let Sy, be a subset of X, y, with N, elements. We define two disjoint sets J and W by
J =S8y.NXgand W = Sy, N Zy,, respectively. Let p be the number of elements of J, i.e.
p = |J|. We express elements of J as j, for¢ = 1,2, ..., p, and put them in increasing order:
J1 < jo <--- < j,. Set Wis given by Sy \J, and it is the set of suffices for rapidities z; in
Swy,. In order to specify subset Sy, = J U W, we specify set Zy \W. We express elements
of Zy \W by vy, 12, ..., ,, and put them in increasing order: vy < vy < --- < v,. Here we
note that Tg.n, \Sy, = (Zg\J) U (Zy, \W).

. Ak
We normalize A(é)?}v S, A8 A(é)sN e, = A(é)fNC;ER%/]_[EeW ng(z,). We express
+5v
A©)E, 5, 8 AET"

.....

V” , for simplicity. We have
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+ ER+NL\SNL =+ (ZR\‘I)U(ZNC\W) — A(%.)i;‘)hvza---»vﬂ (6 14)
Juszsendp " ’

P

A®)ys, = Ay,

. + o N +V1,02,..,0) A VI, V2, v,
Hereafter we write € simply as €y and A(§) i @S A§) ooy

Taking advantage of the complete N -string z;’s, we can show the following.

Lemma 15. If q is generic and p > 0, A(%‘)‘;:Z) vanishes unless vy, va, ..., v, are given by
v+ 1,v+2,...,v+ p, respectively, for an integer v with0 < v < N, — p.

Lemma 15 will be shown in appendix D.
Substituting # and M of formula (6.6) by N. and R + N, respectively, we have for generic
q the following:

Ne |[J|=p [W|=Nc—p

(Ce)™B(t) -+ Btp)BG) - B(an )I0) =" Y >

p=0JCXr WCZy,

~ ex ve 2z, +; Zrene \SN,
X 1_[ B(z,) H B(1,)|0) exp th % A)s, B\

(¢ —q D%
vEZN AW CexR\J jel

N,
=Y (™ Y > B(z)-B(z,) J] B@IO)

p=0 1<ji<<j,<R 1<y <<y, <N LeXp\J
b q_N('(Nc+1)
x g2 A ()Y % eXjesti 4 (6.15)
Jseens, Jp (C] _ qfl)chp

Here we assume that when p = 0, the sums Zlgu1<m<uﬂgm and ), 5 are given by 1,
respectively. Recall that the term of p = 0 in (6.15) is called the diagonal term, and the terms
of p > 0 are called off-diagonal terms.

Proposition 16. Let 1), 1, . . ., tg be regular Bethe roots at generic q,and 7y, 22, . . ., Zn, form
a complete N.-string with centre A. We have

—Ne(Nc+1)
(C(oco) M B(t1) -~ Btg)B(z1) -~ B(zn,)10) = ]_[B(tmo eO—N‘A@)*  ZRede \ZM‘i—_lN_
(=1 (q -4 ) ¢
Ne |J|=p o0
n —N, 2~ 2
+2. 2« ) BB, |1 B@IO)
p=1JCXg no=0 ni+e+n,=ng jeTR\J
A Z qiNz'(Nc‘"l) Z/) 2[( 1)
X X(Ag)y xe fEJt!—q o=1 «t(netl), (6.16)
i (g =g Hhr
where Z(Ag), is given by
Ne—p
Sy =Y A 6.17)
v=0

Here, Z‘JJC'ZZ’; denotes the sum over all such subsets of L that have p elements, where
= {ji,.... Jo}, and an+___+np=n0 the sum over all non-negative integers ny,na, ..., n,
satisfying the condition: ny +ny +---+n, = ny.

Proof. For off-diagonal terms in (6.15), we expand the product of B operators,
B(zy,) -+ B(zy,), in the power series of € through (5.16). We have the infinite sum over
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all non-negative integers ny, no, ..., n, satisfying the condition: ny +ny +---+n, = no. It
follows from lemma 15 that we have

2 1) et2 A ViV ) 1
Z q vi(n+1)+4+2v, (n,+ )A(%-)jl YYYY j;) — q2i=l (ne+ )E(Ag)J.
1<y <<, <N,

Making use of it, we derive expression (6.16). ]

Let us consider the term of p = 0 in expansion (6.15). It leads to the eigenvalue of
(S;(N))k(TS_(N))k by putting N, = kN and sending ¢ to a root of unity gg.

Lemma 17. The coefficient of the diagonal term of (6.15) is given by

—N(N+1
N 9 (Ne+1)

€ mm)zﬁw\z%=(—1>fogN,([zvc]q!)2+0(60). (6.18)

Proof. Making use of formula (6.9) at generic ¢, we have

Ne—1 20+1
<1 ¢ (e0g™™)
1_[( 1 § 4q F+(€O)F+(€Oq2N(+2)

N T RN \Z N,
Ay e = [N,

[0, ¢F (€0g2")
N + 2j+1
. . €
o Z(_l)J |:Nc:| g NeNemD/2= (V=) . ¢€2(' 0q+ )2A+2 ' (6.19)
— 7l F*(e0q™) F*(€0g ™)

We expand the last line of (6.19) in terms of €. It is given by the series of (5.20) with J = ()
and p = 0. By noting [, (1 — ¢*"~2¢) = 0 for0 < m < N, A(é)}i””"\z’v‘ is given by

0 xin, (=DM NN DA g — g HY + O (e H). (6.20)
O

We now consider the off-diagonal terms of (6.15). Let J; and Jx be disjoint sets such
that J; U Jx = J, where |J| = p. We define GJfI,JK (x) by

Gy, @) =[] sreag™ ) [ 57 g @), 6.21)
jed; Jj€Jk
Let us define subsequences. We consider two sequences of numbers, a;, as, . .., a, and
b1, by, ..., b,, and assume that {by, by, ...,b,} C {ay,as,...,a,} and n < m. We define
sequence i(j) by a;(jy = bj for j =1,2,...,n. We say that by, by, ..., b, is a subsequence
ofaj,ay,...,a,, 1 f1 <i(1)<i)<---<i(n) <m.

Proposition 18. Let J be a subset of Lg. We denote it as follows: J = {ji, ja, ..., j,}, where
J1 < jp << j,. Then, Z(Ag)] is evaluated at generic q as follows:

Ne—p

N v+l v+ N, (N.— _(§Z_
D aMAE); =[NL.]q![p“] g N D2g TN
v=0 q

N.—1
o)
T TT 10— 0| Filenn) e %€
jeJ LeXTR\J nzzl d)g (€0)

[Jil=p—0,|Jk|=0

P
x Yo (=g Nrgemhe S T T fae =1

o=0 JiUJg=J JjeJr telg
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X l—[ +(€0) H €N+1

JeJi JEJk
Ne—p N.—p

x Z(—l)”q‘“\’“"‘l‘z”‘””[ ‘< } XZ,(€q"GY, , (€0g"™).
v=0 q

(6.22)

Here, Z‘JJ,ILBJ,‘: @VkI=7 denotes the sum over all pairs of disjoint sets J; and Jx such that the
sum of J; and JK gives J, and J; and Jx have p — o and o elements, respectively.

Proof. When (vi,v2,...,v,) = (v + 1Lv+2...,v+p), we have Zy\W =
fv+1,v+2,...,v+p}. Theset Sy, = J U W is given by the following:

Sy, = jor oo Job UL 2, ..oy, v+p+ 1,00, Ne — 1, N (6.23)
Let us put elements of Sy, in increasing order as i; < i, < --- < iy,. The first p elements
i1, 12, ..., 1, are given by ji, jo, ..., jo, respectively, and i 41, ips2, ..., ipsn DY 1,2, ..., 0,
respectively, and i 441, Ippv42, -« -5 in. Dy p+ v + 1, s Ne — 1, N, respectively. By making

use of formula (6.9) with Sy given by (6.23), A(& )”+1"'1’” ? is expressed as follows:

.....

V4p
)= (N.— N,
> (—1)f gD ””[K} H”E(Zﬂ) 1_[ ne (zy)
q

-1

K=V y=v+p+l
N.—k N¢
+; X RNe \Sn, _+; 2 RN \ SN,
O ™) TT &™)
PeS(N,) £=1 t=N,—k+1
< [T Flwi —wi,). (6.24)
1<b<m<N,
In (6.24), the range of « has been reduced fromx =0, 1,..., Nointox =v,v+1,...,v+p.
We first note that f(z; —z;41) =0forj=1,...,v—Tlandfor j =v+p,..., N.—1. Hence
the product ]—[km Sire.in, vanishes unless sequence ipy, ipo, ..., i py contains two decreasing
subsequences Ne, Ne — I,...,v+p+landv,v—1,...,1,ie. unless P~ > P~'m for

p+v+1 <€ <m < N.and P72 > P 'mfor p+1 < £ <m < p+v. Here we define I and K
byl ={P1,P2,..., P(N.—k)}and K = {P(N.—«k+1), ..., P(N.—1), PN_},respectively.
Secondly, we show that the summand of equation (6.24) vanishes unless k > v. We note
that ] “*** "™ (z,) = 0 for Sy, of (6.23), and v = i,y,. The summand of (6.24) therefore
vamshes if p+v € I, and we consider only such P where subsequence p+v, p+v—1, ..., p+1
is contained in sequence P(N, — x +1),..., P(N. — 1), PN.. We therefore have k > v.
Thirdly, we show that the summand of (6.24) vanishes unless k < v + p, in the same way
as the case of k > v. Here we recall that "; P EReNe SN (Zvsps1) = 0 for Sy, of (6.23), and
iprv+1 = p + v+ 1. Thus, we have shown the reduction of the range of «. Furthermore, we
have shown that the summand of (6.24) vanishes unless

{o+v+1,...,N.—1,N.} C I, {p+1,0+2,...,p+v} C K. (6.25)
We now consider the sum over P € S(N,) in (6.24). Let us introduce disjoint subsets S; and Sg
of Sy, as follows: §; = {ipl, Ipay.vn, ip(N(,_,()} and Sx = {ip(N(,_KH), e LP(N—1)» ipN(_}.
Then, we have

S;=JiU{Ne; Ne—1,...,v+p+1}, Sk =Jg U{y,...,2, 1} (6.26)

Here, J; and Jg are disjoint subsets of J such that J = J; U Jg. Let us denote by o the
number of elements of Jx, i.e. |Jx| = o and |J;| = p — 0. We express ZPE&NC) of (6.24)
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by the sum over disjoint sets / and K with / U K = Xy, such as shown in (6.11). It follows
from (6.26) that the sum Y_ /""" reduces to the sum Y/177~7/¥1=" Here we note
that k = o +v. Similarly, as in the proof of lemma 7, calculating the sums over P; € Sym(/)
and over Py € Sym(K), we have factors [N, — «]! and [«]!, respectively. Applying
formula (6.1) of lemma 11, we show the following:

l_[ oc+ ):R\J(t_) 1_[ a;;ik\l(tk) 1—[ 1—[ f(l‘j — 1)

]EJ, kG./K j€./1 kEJ](
=g fCoo | TTaV @y [ ra—w | T]T] £ — 0.
jeJ LeXp\J jeldrkelg
Expressing sum (6.24) over « as that of o (k = o + v), we obtain expression (6.22). O

Let us expand Gi 7, (€) with respect to small parameter :

p

Gy (0= Z(—l)fcjﬂ"“ef. (6.27)
=0

The coefficients G, =I5 for 0 < p are explicitly given by

|L;1=¢, [Lg|=Lk

GE I Zqﬁ:(p Detn S exp (£ 2] D exp|£> 21| (628

L;,CJ; JELs LxCJk JELk

Here {x = ¢ — ¢;, and Gi TIk — 0 for € > p.

Lemma 19. Sum (6.17), £(Az); = YN - qz"(”o”/’)A””"".;” P is expanded in terms of € as

follows:
(E())Nrp*no(_1)Nfch(Nc+1)*(p+1)("o+ﬂ) (6] _ qil)NC([NC]q!)z
P

[Tafan T £ -1 DR G Vi A

jeJ teXg\J £=0,0<N.—p—ny

| e p—t—1 IL|=t

o (S = Ne+ily [] 187 =Ne—jlg Y exp| > 21

97 =0 j=0 LcJ JjeL

+ 0 ()N, (6.29)

We note that all the possibly divergent terms with order of e”"“’ Ne

since E(Ag), is of order of (€9)¥~?7" in the limit €y — 0.

in (6.16) do not diverge

Proof. We evaluate sum (6.17) over v, & (AS)J, by (B.1) as follows:

- N.—p
Z( 1)\) (Ne—p—1-2np)v [ Cv :I J(qup+ )GJI JK(Gqu+l)
v=0 q

— (EO)Nc*p*no(_l)N(-*ﬂ(q _ qfl)Nc*pq*no(p+1)+(Nz-*p)(Nc+P+3)/2

o

< [Ne = plg! D (=D XER _pg oG + O () V7o), (6.30)
=0
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Here, the product ]_[f\igp_l(l — g?U*tmo=0y vanishes for j + £ < N. — p — ng, and is

given by (—D)Y (g — g HYNTPIN, — pl,! x gWNemPWNemrtD/2 for j+ ¢ = N. — p — n.
Sum (6.17), ©(A¢),, is thus given by

€ T x (—)Neg DN TTaY @ [T -

jed LeTR\J
2 Ne—p—ng
o (p+D)+(Ne—p)Netpr3)/2 [Nelg D ~1\Ne— Ty
X g no(p+1)+(Ne—p) (Ne+p+3)/ T(q — g YNer Z (-1 XeN— oot
Plg: £=0,6<p

[J1|=p—0,|Jk|=0

o
% Z(_1)aq7(p71)aq2a(SZ,Nf) Z 1_[ 1_[ f(tk —lj)Gz;J"JK

=0 JiUJx=J  jeJ; kel
+0(e) 7M. 6.31)
Sum (6.17) over v is now reduced into sum (6.31) over 0. Lemma 19 follows from the next
lemma 20. O

Lemma 20. Let J be a subset of X i with p elements. We have, for generic q,

P ; |Jil=p—0,|Jk|=0
o _—(p—1)o —N.)o I Jk
D (1) e N N [TT]ra—-t|a;
o=0 JUJg=J jeJr kelg
|L|=¢
_ _ Z_ _
= (=1)Pg PP D2 =Now (g _ g=1yr Z exp 22’1
LcJ jeL
1 p—t—1
x [is7 = Ne+ily ] 187 = Ne = jl, (6.32)
i=0 j=0

The derivation of lemma 20 is given in appendix C.
Substituting the expression of E(Ag) ; derived in lemma 19 into proposition 16 and
putting N. = kN, we obtain lemma 9.

6.5. Some comments on the highest weight conjectures

The highest weight conjecture has been constructed gradually in a series of papers [14, 16—18].
It is found numerically [14] that the degenerate multiplicity of the s/, loop algebra should
be given by some power of 2. It suggests that the degenerate eigenspace corresponds
to such an irreducible representation forming a tensor product of the spin-1/2 evaluation
representations. However, any connection to the Bethe ansatz was not discussed in [14].
The spectral degeneracy of the XXZ spin chain at roots of unity was carefully compared
with numerical solutions of the Bethe ansatz equations in [16], and degenerate multiplets are
explained in terms of complete N-strings. The first version of the highest weight conjecture
was given in the last paragraph of section 3 of [17], based on numerical classification of
degenerate multiplets for L = 12 and N = 3. Here, the idea of regular Bethe states is implicit
but should have been known.

In[16, 17], a unique highest weight vector is assigned by such a vector that has the largest
value of S in a given degenerate multiplet of the s/, loop algebra. We can understand the
highest weight conjectures of [16, 17] correctly, even without the mathematical definition of
highest weight vectors.
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7. Highest weight polynomials and the Drinfeld polynomials

7.1. Equivalence of the Fabricius—McCoy polynomial to the highest weight polynomial

Definition 21. Let |R) be a regular Bethe state at qo with regular Bethe roots Ty, b, . . ., ig.
We define Ye (v) by

g [T5_, (sinh(v — &; — (2 + L)o)) o

Yg (U) = R - = - = .
o ]_[j:l sinh(v — 7; — 2€no) sinh(v — 7; — 2(£ + 1)1o)
Proposition 22. Y:(v) is a Laurent polynomial of variable z = exp(F2Nv) with degree
r = (L —2R)/N in the cases of sector A (r even) and sector B (r odd).

Proof. First, by definition, Yz (v) is a rational function of Variable exp(F2v) with a period
2no. In sector A where L is even, we have sinh(v + 2N1ng) = qO sinh v with ‘10 ==+I1. In
sector B where L is odd, we have sinh(v + 2N 7o) = sinhv since ¢} = 1. Thus, it is at least
a rational function of variable exp(F2Nv). Secondly, Y; (v) has no poles, since 71, o, .. ., g
satisfy the Bethe ansatz equations (1.4) at go. Thirdly, the function Y (v) has the asymptotic
behaviour: Yz (v) o exp(£(L — 2R)v) = zFEL2R/2N for vy — +oo, where z = exp(2Nv).
Thus, the degree of the Laurent polynomial is given by (L — 2R)/N. ]

Lemma 23. When p is an integer with p = 0 (mod N) and qq a root of unity with qu =1,or
when p is a half-integer with p = N /2 (mod N) and qo a primitive Nth root of unity with N
odd, we have for any integer n the following:

N-1 F(p—n) —
lim Z q:F(p n2e+1) _ Nq for n.: 0 (mod N), (7.2)
== 0 otherwise.

Proposition 24. Let |R) be a regular Bethe state at qq in sector A or B in the inhomogeneous
case. The Laurent polynomial Ye(v) of |R) corresponds to the highest weight polynomial
P(2).

Proof. We express Y (v)(—1)E eFL2Rv2(L=28) 45 follows:

LR 9 Nl A R 128 )
et 2% T(L/2—R)(26+1) o (e:F "4y )

ot ZkLzl 26 0 Fi (e;zvquze) Fi (eqzzvqéﬂ(lﬂ)) .

(7.3)
=0

We expand Y; (v) in terms of exp(F-2v). Since it is a polynomial of exp(F-2v), the infinite sum

reduces to a finite sum with an upper bound r = (L — 2R)/N, where the kth term vanishes at

qo unless k = 0 (mod N) due to lemma 23:

0o
e* L= 20 E(L/2-R) Fr/2
Ye) = g Nag Zx "o (@) (7.4)

Here )"(;Ek n are expressed by equation (2.4) in terms of rapidities, 7;. When ¢ is a root of

unity of type I, we have (zqév)k = z* for N odd (qév = 1), and (zqév)k = (—z)¥ for N even

(g0’ = —1). When gy is a root of unity of type II, we have (qévz)k = (—z)¥ for N odd

(qév =— 1). We thus have for type I,

r Mk Y o )N(g_szk for N:odd (q) =1),
(zq0')" =

S+
Xekn ros
k=0 ; Zk:() Xg,kN(_Z)k for N :even (qév = —1)’

(7.5)
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and for type II,

r r

X;kN(Q(I)VZ)k = Z ngN(_Z)k (N N Odd, qéV = —1) (76)
k=0 k=0

Thus, in the cases of sectors A and B, we have shown

Z T (ad2) =P @. (1.7

In the homogeneous case where &, = 0 for all n, we have the following:

Corollary 25. For any given regular XXZ Bethe state |R) at q in sector A or B, the Fabricius—
McCoy polynomial P™ (u) corresponds to the highest weight polynomial P*(u).

7.2. Examples of regular Bethe states

7.2.1. The vacuum state as a regular XXZ Bethe state. Let us calculate polynomial P* (1)
for the vacuum state |0), where L = 6, R = 0, N = 3 and qg =1

Pru) = (1 —au)(1 — au) = 1 — (a + a2)u + ajasu’. (7.8)

When N is odd and qé\’ =1, we have A, = (—l)k)”(;kN. We have A; = 6!/(3)? =20, 1, =
6!/(6!0!) = 1. The highest weight parameters are thus given by

b = 10+ 3/11. (7.9)

Since a; and @, are distinct (m; = m, = 1), the vacuum state |0) generates an irreducible
representation. We thus have (1 + 1)> = 4 as the dimension.

Let us discuss the case where L =6, R =0, N = 3 and qg’ = —1. When N is odd and

gy’ = —1, we have A, = ¥, We thus have

ar, i = —10 £ 311. (7.10)

For the XXZ Hamiltonian (1.1) with L even, ¢ is mapped to —¢g by the unitary transformation,
]_[f/ 21 02 i Here, the Hamiltonian Hxxz is mapped to —Hxxz, and highest weight parameters
a; are transformed to —a; for j =1, 2.

7.2.2. The regular XXZ Bethe state with one down-spin. We now discuss the case of
L=8R=1,N=3and qg = 1. Here gy = exp(£2mw+/—1/3). Let us specify the Bethe
root as exp(2t) = (1 — +/=1¢)/(go — ~/—1). Noting [3¢ + 1],, = 1,[3¢ +2],, = —1 and
[3€],, = O for integers £, we derive 37 = —13(2 — V/3) and Xe=17- 44/3. We thus have

Pru) =1— 132 = V3u+ (7 — 4/3)u?, (7.11)
where highest weight parameters a; and d, are given by

ar, & = 113 £ V165)(2 — V3). (7.12)

7.2.3. The case of a reducible Weyl module: the inhomogeneous case with degenerate
evaluation parameters. We now discuss such a regular Bethe state that has degenerate
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highest weight parameters. Let us consider the inhomogeneous case of L =6, R =0, N =3
and g9 = exp(2mi/3). We set & # 0, while & = & = & = & = & = 0. We
have ¢f(x) = (1 — yx)(1 — x)°, where y = exp(2£). Expanding ¢7 (x), we have x5 = 1,
Xxi = —5!/312h) — 51/2!13)y = —(10 + 10y) and x; = y. We have P*(u) =
1 — 10(1 + y)u + yu?, where parameters @, and a, are given by

a,a =5(1+y+/(1+y)?—y/5). (7.13)

We have a; = a, if and only if y = y. = (—49 + 34/—11)/50.

When y # y., a; and a, are distinct, and hence U |0) is irreducible. We have dim U|0) =
(1+1)? =4, and P* (1) gives the Drinfeld polynomial.

When y = y,, however, a; and a, are degenerate:

a=a, =a; = &5(1£3/-11). (7.14)

Recall that U|0) is irreducible if and only if (xf —ax, ) |0) vanishes. We apply (2.10) with
r = 2, where generators x;” and x,, are given by T{G) =V T-®Vv+*and SE_G) =VsOy-,
respectively. Here we recall (4.15). The (1, 1, 1, 2, 2, 2) elements of vectors T{(N)|0> and
Sg(N) |0) are given by qg/z and q(;3/2, respectively, and hence we have Tg(N) |0) # a Sg(N) |0).
We thus conclude that U |0) is reducible. We now derive dim U |0) = 4, and hence U |0) gives
a Weyl module. In fact, the basis is given by |0), x; |0), (x5)2|0) and w = (x; — ayx;)|0).
We also confirm that it is reducible, noting that x; w = 0 for k € Z.

8. Concluding remark

The highest weight conjecture has been shown in sectors A and B in the paper. However,
operators commuting with the transfer matrix are constructed also in other sectors [14]. We
thus have a conjecture that in any sector of SZ, some version of regularized Bethe ansatz
eigenvectors should be highest weight (see also [18]).
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Appendix A. Derivation of lemma 6 for showing highest weight properties

For a given integer ¢, let U (B,) be such a subalgebra of U (L (sl»)) that is generated by /., x},,
and x~,,,,, for k € Z . We denote by 55, such a subalgebra of U (B;) that is generated by
xp, fork € Z>,. We express by (X)™ the nth power of X divided by the factorial of n, i.e.
X)™ = X)" = X"/n.
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Lemma A.1. Let £ be an integer. For a given positive integer n we have

A ()" )™ Z( D, ()0 ()" mod U (BB,

®B,) : ()" (. “”-—Z( D () 70 (x7,) "™ mod U (B, BY,

) : [h;, (x@)(’”)(x;z)(”’)] =0mod UB)B,  for m<nandjecL.

Proof. We first show the following relations by induction on n:

[h1. (xe)(n)] = 2x2+1(x2)("_1), [(xZ)(n),xl__e] = (xe)(n Yn, +x,+€(x€)(n A

[hl’ (xf—e)(n>] = (_2)x;—z(xf—z)(n_l)* [XL (xf—e)(ll)] = (xf)(n_l)hl - x;—e(xf—z)(n_Z)'

(A.2)
Through the recursive relations, we derive the following inductive formula for the product
(7 )(nfl)(xl_ g)(n) with respect to n:

(xz)(m(xiz)(nﬂ) X z(xz)(n)(xl z)(n) %[hl (xz)(n 1)()61_4)(”)]

— ()" ()", for ¢eZ. (A3)
We now show three relations (A,), (B,) and (C,), inductively on n as follows. We show
(A}), (Az), (By) and (C;), directly. Relation (A,) is derived from (A,_;) and (C,_»).
Here we make use of formula (A.3). We derive relation (B,) from (A,), (C,_;) and
(B,,) for m < n — 1, multiplying both hand sides of (A,) by x; from the left. We show

x[(xz)(m) (xl_fg)(m) € U(B)B; form < n — 1 by induction on m. Here we make use of (B,,)
form < n — 1 and (C,_). Finally, (C,) is derived from (B,_;) and (C,_;). Thus, the cycle
of induction process, (A,), (B,) and (C,), is closed. O

We remark that relation (A.3) for £ = 0 is given by the classical limit of formula (iv), in [6,
subsection 3.5]. It is also reviewed in [13, appendix A].

Lemma A.2. Let ¢ be an integer. If a vector \V in a finite-dimensional representation of U (1B¢)
satisfies

x2+kly = 0 ]’lkq/ = dk‘l—’ fOI’ k € Z}o,
(i) w0, (x,)"w=o,

then we have the following. (i) For a given non-negative integer n < r and a given set of
integers k; satisfying 1 — £ < ki < -+ - < ky,, we have with some Ay,

(A.4)

.....

eees

() X W= Ay, () W (A.5)

(ii) The subspace of weight —r of U (By)WV is one dimensional. Here we call eigenvalues of
ho weights. (iii) Recall that eigenvalues ), are defined by (5.3) i.e. (A.6) for £ = 0. Then, we
have

(xg)(")(xf_[)(")\ll =1V, for n=1,2,...,r. (A.6)

Proof. We show (i) by induction on n. The case of n = 0 is trivial. Let us assume the cases
of n — 1 and n. We have

x;(xl__l)rﬂ_nx,; X W= Ag kX (20 K)HI\I/ =0.
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Caleulating [x};, (x7_,) "™ x - x; ], we derive (A.5) in the case of 7 + 1. We now show
(ii). Applying the Poincare—Birkhoff—Witt theorem to U (3,), we have that every vector v in
the subspace of weight —r of UW is expressed as a linear combination of monomial vectors
X -x,;\ll for sets of integers k; satisfying 1 — € < k; < --- < k. [13]. Thus, we obtain
(ii) from (i). We show (iii) by induction on n. We derive the n = 1 case by [x}, x;_,] = hy.
Let us assume (A.6) for the cases of 1,2, ..., n — 1. We derive the case of n through (B,,) of
lemma A.1. |

Let U be the s/, subalgebra generated by x*,, x,” and h for an integer &.

Proof of lemma 6. We show it in sequence as follows: (i) #;|®) = d;|®), where d; € C;
(ii) x7|®) = 0 (k € Z.); (iil) hi|P) = di|®) (k € Z.y), where di € C; (vi) h_|D) =
d_1|®), where d_; € C; (V) x*,|®) = 0(k € Z.0); (Vi) h_|®) = d_i|P)(k € Z.(), where
d_j € C. Let us first note that for k = 0 and 1, U;| D) corresponds to the (r + 1)-dimensional
irreducible representation of U (sl;). We therefore have (xk ) |®) # 0 and (xk )Hl |®) =0
for k = 0, 1. We derive (i) from (5.1) and (5.3), noting 1y = [x{, x; |. We show (ii) through
induction on &:

X |@) = S (hixg — xithy) | @)

= 1(h) — d))x}|®), for ke Zso. (A7)
We derive (iii) by induction on k using (By) of lemma A.1 for £ = 0:
k-1
i @) = (= D! h | @) + k(=1 2| D). (A.8)
j=1

In order to derive (iv), we first show that A, # 0 as follows. We note that vector |®) satisfies
the necessary conditions of W in lemma A.2, since we have shown (ii) and (iii) in the above.
From (iii) of lemma A.2 for £ = 1, we have

()" ()" 19) = 171 @) for n=1,2,...,r (A.9)

From (ii) of lemma A.2, we have (x;)"|®) = A (x; )" |®). Here A; 5 0, since (x;)"|®) # 0
due to U;. We thus obtain that A, # 0 [13]. We then consider (A1) of lemma A.1 for ¢ = 1:

r+l

() ()" Z( D () ™ (x0) Y mod U BB (A.10)
Introducing Ay = 1, we have from (A.10),

> (=1 x_jx; @) =0. (A.11)

j=0

Applying x*, to (A.11), we have

Ah_y|®) = Z(—l)ffu,,jhj,”cb). (A.12)
j=1
Thus, we obtain h_|®) = d_|P), where d_ is defined by

I « .
d = - Z(—l)f—l,\,,jdj,l. (A.13)
"=
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We show (v) inductively with respect to k:

xi(k+1)|©> = l(h—lxik — xikh_1)|<l>)

2
= L(h_y —d_)x*,|®) for ke Zso. (A.14)
Multiplying (A.11) with x*,, we show (vi) through induction on & by the following:
1 .
hoil®) = D =1 T h | ®). (A.15)
r j=1 |:|

Appendix B. Some combinatorial formulas

Lemma B.1 (¢-binomial theorem). For a positive integer n, we have

n—1 n
1—[(1 _ gty = Z(_l)jqi(n—l)jzj [”] . (B.1)
=0 j=0 g

Here q and z are arbitrary.

Lemma B.2. Let w; be arbitrary parameters for j = 1,2,...,n. For an integer n > 0, we
have the following:

Yoo I fawe—wer= D> [ fwe—we)=Inl,! (B.2)

PeS(n) 1< j<k<n PeS(n) 1< j<k<n

Proof. We express the sum on the left-hand side of equation (B.2) as F(wy, ..., w,). Let
us take an integer j satisfying 1 < j < n. As a function of variable w; the quantity
F(wy, ..., w,)isameromorphic function with no poles, and it is bounded at infinity, w; = 0.
Therefore it is given by a constant with respect to the variable w;. Similarly, we show that
the quantity F(wy, ..., w,) is a constant with respect to all variables w; for j =1,2,...,n.

Let us evaluate the constant by substituting w; with z; of the complete n-string (4.17). The
summand of the sum on the left-hand side of (B.2) vanishes except for such a permutation P
that gives (P1, P2,..., Pn) = (n,n — 1, ..., 1). Thus, we have the equality (B.2). O

Lemma B.3. Let m and n be integers satisfying m > n > 0, and w; for 1 < j < m be
arbitrary parameters. Then, we have

[Sul=n [Su|=n
S TT [Trwi-wo=3 TI Hf(wk—wp:m. (B.3)
q

Sy CZm JEX\Su kESy Su S JEX\Su kESy

Here ¥, = {1,2,...,m}, and the sum is taken over all such subsets S, of %, that have n
elements. Here [ [, [[1ep f(wj — wi) = 1if A or B is empty.

Proof. We express the sum on the left-hand side of equation (B.3) as G(wy, ..., wy,).
Let us take an integer j satisfying 1 < j < m. As a function of variable w; the
quantity G(wy, ..., w,) is a meromorphic function with no poles, and it is bounded at
infinity, w; = oo. Therefore it is a constant with respect to w;. Similarly, we show that
G(wi, ..., wy) is a constant with respect to all variables w; for j = 1,2,...,m. Let us
evaluate the constant by substituting w; with z; of the complete m-string (4.17). The product
[Ties,ns, [lies, f(w; —wy) vanishes except for the case of S, = {1, 2, ..., n}. We thus have
the equality (B.3). (|
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Appendix C. Proof of lemma 14 by induction on n

The case of n = 1 is trivial. Suppose that the case of n — 1 holds. We denote by C, the cyclic
group generated by a cyclic permutation (1, 2, ..., n), and by 7,,_; the symmetric group on
the set {2, 3, ..., n}. Let us remark that any element P of S(n) is given by a product of an
elfjcment o of C, and an element t of 7,_;. Putting P = ot in expression (6.5), we have
Ag 5, s

5 3 TT(+4 ) TT 4 (0 1)

oeC, t€T,1 =1 k=0+1

- a;:;ZM\S” (w.ior[) 1_[ qqzlf(wjark - w.jarl))’ (C‘l)

k=0+1

Here we note that 01 = o 1. For the case of £ = 1, we have
l_[ f(wjurl - wjark) = l_[ f(wjal - w.icrrk) = l_[ f(wjo] - wjok)’ (€2
k=2 k=2

and we have A? 5, as follows:

n n
Z {(O‘:;EM\S"(WJ'“) l_[qilf(wjg. W) — 5‘? B0 () Hqﬂf(wm - wm))
k=2

oeC, k=2
n
+3 S,l
x Z l_[ ( " wjm H C]ilf(wjm wjm)
1€l 1 £=2 k=t+1
_ Ty \S,
—a Y (wy,,) 1_[ g™ f(wj,., — wjm)) } (C3)
k=t+1
Here we note that 7,,_; isequivalent to S(n—1). Letus define j, by (jo)x = jox (k =1, ..., n).
Applying the induction assumption to the case where S, _; is given by {j,«|k = 2, ..., n}, the

last line of (C.3) is given by

n
Z H( T () 1_[ a* F (Wi = W)

t€T,_1 £=2 k=t+1

n
—ar 2 (win,) [T a7 F(wo, — w(h)w))

k=C+1
Z Z( 1)k|: ] g E=D0=2/2 F -k
t€T,_1 k=0
< ] ™ (wi.) [T & (wi.)
2<e<n—k n—k<{<n
< [T £ = wiior.)- C4
2<b<m<n

Substituting it to (C.3), rewriting ot as P € S(n), and using the recursive relations of the
g-binomial coefficients, we obtain formula (6.9) for the case of n.
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Appendix D. Proof of lemma 15

We call a sequence of integers given by ny = n;+k — 1 fork = 1, ..., £ with positive integers
ny and £, a slope 1 increasing sequence of integers. Let us assume that Zy_\ W is given by the
union of sets of slope 1 increasing sequences of integers, X ;: Zy \W = X, UX,U---UX,,.
We have Zy, = YoU X, UY;---UX,, UY,, where Y; are slope 1 increasing sequences of
integers, and W = Yy U Y U---UY,,. Recall the notation s = s + R. We now show that if ¥,
isgivenby Y; = {s,s +1,...,t} withs < ¢, we have

A(g):!:;...,sl—l,ﬁl,... =0. (Dl)

J1seees Jp
Let us first consider the case of s < t. We express elements of Sy, as iy, i2, ..., iy.. Recall
that each permutation P gives sequence (i P1.IP2, ..., PN, ) From the fact

f@s—z) == f(z-1 —2) =0, (D.2)
it follows that product 1_[1§6<m§Nf f (w,-” - wipm) in formula (6.9) vanishes unless
integers s,s+1,...,¢ appear in reverse order in sequence (ipl,l.pz,...,ier): if
a = ipj and a + 1 = ipjus) then j@ +1) < j(a) for s < a < t, ie. s

comes later than s+ 1 in (ipl,ipz,...,i pN(_), and so on. We next consider product

£ ZRrene \She . . . . .
]_[lgngk o (wm). If subsequence (lp], ip2, ..., IP(NC_]()) contains integer f,

then the product vanishes. Similarly, if subsequence (i P(Ne—k+1)s « - s EP(No—1)> L P N{,) contains

. _ RN \ SN, .
integer s, then product [Ty ;. @ " we\Swe (wi,, ) vanishes. In order to make the products

nonzero, integer s should be contained in subsequence (i P1yipP2s v, ip( Nc—k)) and integer ¢ in
(iP(N.—k#1)s - - -+ iP(N.—1)» PPN, ). However, it is not compatible with the constraint that integers
s,s +1,...,t should appear in reverse order in sequence (ipl, Ipay.vn, ipN(_). Thus, the
summand of the sum A (& )?N,.:,EM. in (6.9) vanishes for any permutation P, and hence the sum

+ . _ £ ZRrene \Sne _
ASN(-QER+N(- vanishes. In the case of s = ¢, we show that ngegNrk o (wj,,) =0o0r

— ;X Ren: \SN, _
nNc—k<Z<N( o (w,-,,{) = 0 for any k and P.
+:1,2 .
Jroin J? = 0 for N, = 5. Since f(z3 — z4) = 0, product
ngkmgs f(wm — w,-,,m) vanishes unless 4 comes earlier than 3 in (ipy, ip2, ip3, ipa, ips).

For an illustration, we show A (&)

When Zy\W = {1,2,5}, we have @ "™ (z5) = 0 and o "' (zy) = 0.
If 4 ¢ {ip], ipa, ...,ip(Nr,k)}, product nngN(—k a:;ER*N"\SN‘ (wm) vanishes. If 3 €
{iP.—ks1)s -~ ipn, | then product [Ty o, &:;2’“”‘\8”‘ (wj,,) vanishes. However, it is
not compatible with the constraint that 4 comes earlier than 3 in sequence (ipi, ip2, ..., 1ps).
Therefore, we have A (& )jfizzjf =0.

Appendix E. Derivation of equation (6.32)

Generalizing GZ;J”J’( given by equation (6.28), we define for £ < r the following:
4 ILy|=¢; [Lg|=tk
CZI’JK (m) = qu(bﬁ@z) Z exp Z 2t; Z exp Z 2t |, (E.D)
;=0 LicJ; JEL; LxCJk JeLk

where £x = ¢ — ;. When m = p — 1, the generalized coefficient gives the original one:
Cl"(p —1) = GJ"'¥. Interms of C;""'¥ (m), we introduce

|Jk|=p—0.|Jk|=0

Jp.o: = Y. [T11 fa—wp|c/m, &2

JiUJg=J jed kelx
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Here, w; (1 < j < r) are arbitrary parameters, and the sum is taken over all pairs of disjoint
subsets J; and Jg of J with J; U Jx = J. We note that J(p, o; £),, vanishes when £ > p or
o > p by definition. Let us denote by X (J )Zm the following sum over o':

P

S = (=D7g7 X T (p, 03 D). (E.3)

o=0
The main result of appendix E is given as follows:
¢ p—t—1 |L|=¢
S =q "] —xg? 20 [T A=xg7) D exp [ Y 215 ). (E.4)
i=1 j=0 LcJ jeL
Let us derive (E.4). We first show that J(p, o; £),, is expressed as follows:
¢ o— 01 [t L=t
. _ - L(o—m)+(2m—p)t )
J(p, 05 0)y = Z[a _t} M q PN exp | D 2t | . (ES)
=0 q q LcJ jeL

Expression (E.5) is derived through induction on £. The case of ¢ = 0 is given by formula
(B.3). For the case of £ > 0, we note that we have from (E.1)

lim J(p. 03 Om/exp(2t),) = J(p — 1,004 = Dug” ™"
tj,—>00

+J(p—1,0 =1L —1)ug "™, (E.6)

and also that J(p,o;€), is symmetric with respect to exp2t;, exp2t),,...,exp2t; , by
definition. Making use of (E.6) and the symmetric property, we have (E.5). We now evaluate
coefficient Z(p, o; £),, defined in the following:

|L|=¢
J(p, 03 Om = Z(p,0: O Y _exp | Y 25 | ET)
LcJ jeL

From the recursion relation (E.6), we have
Zp,0:Ow=2Z(p—1,0,€ =g’ " +Z(p—1,0 —1;£—1),q """, (E.8)
Let us define X(Z);,, by

P
22, =) (=g "% Z(p. 05 O (E9)
o=0
We reformulate the sum over o as follows:
|L|=¢
2}, = 2(2),, Z exp Zztj . (E.10)
LT jeL

Here we recall that ¢ < r. Through induction on ¢ > 0 and p — ¢ > 0 using the recursion
relation (E.8), we have

€ p—t—1
22y, =q "] =xg? 20y [T a4 =xg7). (E.11)
i=1

j=0
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